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Abstract
Neutrino oscillations occur due to non-zero masses and mixings and most importantly
they are believed to maintain quantum coherence even over astrophysical length scales.
Here, we study the quantumness of three flavour neutrino oscillations by studying the extent
of violation of Leggett-Garg inequalities (LGI) if non-standard interactions are taken into
account. We report an enhancement in violation of LGI with respect to the standard scenario
for certain choice of NSI parameters.
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1 Introduction
Even though quantum mechanics was born in nineteen twenties [1], several significant, con-
ceptual and foundational developments which stem from quantum mechanics emerged much
later. The Aharonov-Bohm effect was understood in the sixties [2], Bell’s inequalities [3]
and the issue of entanglement were appreciated in seventies and developments related to the
Leggett-Garg inequalities (LGI) i.e., the temporal analogue of Bell’s inequalities [4] emerged
in the eighties. In their seminal paper, Leggett and Garg [4] derived a class of inequali-
ties which provided a way to test the applicability of quantum mechanics as we go from
the microscopic to the macroscopic world. The work was based on our intuition about the
macroscopic world which can be defined in terms of the two principles (see [5] for a review)
: (a) Macroscopic realism (MR) which implies that the performance of a measurement on a
macroscopic system reveals a well-defined pre-existing value (b) Non-invasive measurability
(NIM) which states that in principle, we can measure this value without disturbing the sys-
tem. The classical world, in general, respects both these assumptions. However, in quantum
mechanics, both the assumptions are violated as it is based on superposition principle and
collapse of wave function under measurement.
If we look at the developments in the neutrino sector, soon after the discovery of the
second type of neutrino in the sixties, the idea of neutrino flavor oscillations was proposed
by Maki, Nakagawa and Sakata [6] (see also [7, 8]) as well as by Gribov and Pontecorvo [9].
The experimental vindication of the idea of neutrino flavour oscillations took several decades
and was rewarded with the 2015 Nobel Prize for Physics [10]. Neutrino oscillations among
the three active flavours imply that at least two of the neutrino states are massive which
can not be recoinciled within the Standard Model of particle physics. The phenomenon of
neutrino flavour oscillation arises from the phase difference acquired by the mass eigenstates
due to their time evolution during propagation in vacuum or matter.
Given that neutrinos exhibit sustained quantum coherence even over astrophysical length
scales, it is natural to explore geometric aspects of the phases involved [11] as well as think
about quantification of the coherence properties of neutrinos via temporal correlations in
the form of LGI. Study of temporal correlations in the form of LGI has attracted significant
attention in recent times both in the context of two [12–14] and three [15,16,16–20] flavour
neutrino oscillations. It should be noted that while different dichotomic observables have
been employed in these studies, the neutrino matter interactions have been considered to
be standard in most of these studies 1. There is strong reason to believe that sub-dominant
effects due to neutrino non-standard interactions (NSI) could cause interference with the
standard oscillation measurements and neutrino NSI is one of the most attractive and widely
new physics topics in the current times (see [21–23] for reviews).
Before we proceed to describe the key idea of the present work, we would like to sum-
marize the existing work on LGI in the context of neutrino oscillations. One of the early
attempts to study LGI with neutrinos was carried out by Gangopadhyay, Home and Sinha
Roy [12]. The authors considered two state oscillations of neutral kaons and neutrinos. The
implication of neutrino oscillations on LGI was characterized by a quantity K4 which was
found to be sensitive to the mixing angle appearing in two flavour neutrino oscillations and
1Effects of new physics on coherence in neutrino oscillations has been explored in [19].
1
could reach its upper bound 2
√
2 for a specific value of the mixing angle, θ = pi/4. Obser-
vation of violation of LGI was reported for the first time by Formaggio et al in the context
of Main Injector Neutrino Oscillation Search (MINOS) experiment which is a long baseline
accelerator experiment in [13]. The large (∼ 6σ) violation in this microscopic system of
neutrinos over a macroscopic distance of 735 km provided the longest range over which a
temporal analogue of Bell’s test of quantum mechanics had been performed. Soon after,
observation of ∼ 6σ violation of LGI in the experimental data obtained at Daya Bay reactor
experiment was reported by Fu and Chen [14]. It should be remarked that all the above
studies were performed assuming two neutrino states only and therefore obscured the param-
eter dependencies present in the three flavour state analysis. In order to shed light on the
dependence on CP phase and other parameter dependencies via LGI, it becomes imperative
to perform the analysis taking three flavour neutrino oscillations into account.
The three flavour analysis was first carried out by Gangopadhyay and Sinha Roy [15] and
the authors had laid down a condition for attaining maximum violation of LGI. Moreover,
it was concluded that non-zero three flavour oscillation parameters such as θ13, δCP (the CP
phase), α (the mass hierarchy parameter) lead to an enhanced violation of LGI as compared
to the two flavour case. Also, three flavour analysis has been carried out by Naikoo et al
assuming stationarity condition [16] and relaxing it [17]. With the stationarity assumption,
it was shown that the quantity representing LGI has a sensitive dependence on the neutrino
mass hierarchy [16]. Various inequivalent forms of LGI in subatomic systems have been
explored in [18]. Using the tools of quantum resource theory [24,25], Song et al [26] and Ming
et al [27] quantified the quantumness of experimentally observed neutrino oscillations. The
authors in [26] analysed ensembles of reactor and accelerator neutrinos at distinct energies
from a variety of neutrino sources, including Daya Bay (0.5 km and 1.6 km), Kamland (180
km), MINOS (735 km), and T2K (295 km). Though far-fetched, there was also an idea where
it was shown that one could obtain difference in possible violation of LGI depending on the
type of neutrinos (Dirac or Majorana) by selecting appropriate quantity for K3 [28]. The
entropic uncertainty relations that are relevant to the neutrino flavor states are investigated
by comparing the experimental observation of neutrino oscillations to predictions in [29].
Also, entanglement in neutrino oscillations has been studied in [30].
The work of Leggett and Garg is, undoubtedly, one of the most profound developments
in the area of foundations of quantum mechanics. The present article weaves together the
idea of LGI and neutrino oscillation physics in presence of non-standard interactions (NSI) to
explore the extent and possibility of enhancement of violation of LGI in case of three flavour
oscillations. Such a type of enhancement is of interest to a wide range of physicists in several
areas of physics and in particular, in the area of quantum information and computation. To
the best of our knowledge, NSI induced effects on violation of LGI in neutrino sector have
not been reported so far.
The plan of this article is as follows. In Sec. 2, we describe the basic framework which
comprises of brief review of the three flavour neutrino oscillations in presence of NSI as well
as definition of observables used to quantify the extent of violation of LGI in the context of
neutrino oscillations. We describe our results in Sec. 3. Finally, the conclusion and outlook
is presented in Sec. 4.
2
2 Framework
In this section, we describe the framework used. We first give a brief description of the
effective Hamiltonian in flavour basis governing neutrino oscillations in presence of NSI in
Sec. 2.1. Then, in Sec. 2.2, we describe how violation of LGI in neutrino oscillation context
is quantified interms of Kn parameters.
2.1 Neutrino oscillations : current status and formalism in pres-
ence of NSI
Neutrino oscillations among the three flavours have been established beyond doubt. In [31],
the updated global analysis of all data was performed and the summary of current situation
is given in Table 1.
Parameter Best-fit-value 3σ interval 1σ uncertainty
θ12 [Deg.] 34.3 31.4 - 37.4 2.9%
θ13 (NH) [Deg.] 8.58 8.16 - 8.94 1.5%
θ13 (IH) [Deg.] 8.63 8.21 - 8.99 1.5%
θ23 (NH) [Deg.] 48.8 41.63 - 51.32 3.5%
θ23 (IH) [Deg.] 48.8 41.88 - 51.30 3.5%
∆m221 [eV
2] 7.5× 10−5 [6.94 - 8.14]×10−5 2.7%
∆m231 (NH) [eV
2] +2.56× 10−3 [2.46 - 2.65] ×10−3 1.2%
∆m231 (IH) [eV
2] −2.46× 10−3 -[2.37 - 2.55]×10−3 1.2%
δ (NH) [Rad.] −0.8pi [−pi, 0] ∪ [0.8pi, pi] −
δ (IH) [Rad.] −0.46pi [−0.86pi,−0.1pi] −
Table 1: The best fit and allowed range of the standard oscillation parameters used in our
analysis. The values were taken from the global fit analysis in [31]. If the 3σ upper and lower
limit of a parameter is xu and xl respectively, the 1σ uncertainty is (xu − xl)/3(xu + xl)%.
In the ultra-relativistic limit, the neutrino propagation is governed by a Schro¨dinger-type
equation with an effective Hamiltonian
H = Hvac +HSI +HNSI , (1)
where Hvac is the vacuum Hamiltonian and HSI,HNSI are the effective Hamiltonians in pres-
ence of standard interaction (SI) and NSI respectively. Thus,
H = 1
2E
U
 0 δm221
δm231
U † + A(x)
 1 + εee εeµ εeτεeµ? εµµ εµτ
εeτ
? εµτ
? εττ
 , (2)
where A(x) = 2E
√
2GFne(x) is the standard charged current potential due to the coherent
forward scattering of neutrinos with ne being the electron number density. The three flavour
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neutrino mixing matrix U [≡ U23W13 U12 withW13 = Uδ U13 U †δ and Uδ = diag{1, 1, exp (iδ)}]
is characterized by three angles and a single (Dirac) phase and, in the standard PMNS
parameterisation, we have
U =
 1 0 00 c23 s23
0 −s23 c23
 c13 0 s13e−iδ0 1 0
−s13eiδ 0 c13
 c12 s12 0−s12 c12 0
0 0 1
 , (3)
where sij = sin θij, cij = cos θij. While, in addition, two Majorana phases are also possible,
these are ignored as they play no role in neutrino oscillations. For constraints on the NSI
parameters and other details regarding models with large NSI, we refer the reader to [21–23].
2.2 Leggett-Garg Inequalities in context of neutrino oscillations
Consider a dichotomic observableQ defined over the Hilbert space of a given N level quantum
system. Now, we can define the two-time correlation function, Cij which depends on joint
probabilities of various outcomes of successive measurements of the observable Q at ti and
tj on a state which was prepared at time t = 0.
The two-time correlation function can be expressed as
Cij =
∑
Q(ti)Q(tj)=±1
Q(ti)Q(tj)Pij(Q(ti)Q(tj)) (4)
where Pij(Qi, Qj) of obtaining the results Qi = Q(ti) and Qj = Q(tj) from measurements at
times ti, tj.
Using the above, we can express Kn as
Kn = C12 + C23 + C34 + . . .+ C(n−1)n − C1n (5)
The assumptions of macroscopic realism and non-invasive measurability leads to the following
bounds on the quantity Kn
−n ≤ Kn ≤ (n− 2) 3 ≤ n, odd;
−(n− 2) ≤ Kn ≤ (n− 2) 4 ≤ n, even. (6)
In order to explore LGI in the neutrino sector, we assume that the dichotomic observable,
Q takes the value +1 when the system to be found in the electron neutrino flavour state |νe〉
and −1 if the system is found in the muon neutrino state, |νµ〉.
For the two flavour case, the C12 can be written as [12]
C12 = Pνe,νe(L1, L2)− Pνe,νµ(L1, L2)− Pνµ,νe(L1, L2) + Pνµ,νµ(L1, L2)
= 1− 2
{
sin(2θ) sin
(
∆m2
4~E
c4(t2 − t1)
)}2
(7)
Similarly, the functions C23 , C34 and C14 can be derived. It should be noted that the
temporal correlation functions in the two flavour case depend only on the temporal separation
(ti − tj) and not on the individual times so stationarity principle is followed.
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Figure 1: K3 and K4 are plotted as a function of ∆L. The contribution of different C
′
ijs are
depicted in the figure. The grey shaded region denotes the region where LGI is violated.
For three flavour, the correlation function can be expressed as
C12 = Pνe,νe(L1, L2)− Pνe,νµ(L1, L2)− Pνe,ντ (L1, L2)
−Pνµ,νe(L1, L2) + Pνµ,νµ(L1, L2) + Pνµ,ντ (L1, L2)
−Pντ ,νe(L1, L2) + Pντ ,νµ(L1, L2) + Pντ ,ντ (L1, L2)
The joint probabilities in the above expression show dependence on L1 as well as the spatial
separation (L2−L1). The other correlation functions (C23, C34 and C14) can also be evaluated
in the same way. Thus, naturally the stationarity principle breaks down for the three-level
system.
3 Results
Using the values of the oscillation parameters given in Table 1, we compute the oscillation
probability numerically using the General Long Baseline Experiment Simulator (GLoBES) [32,
33]. The LGI quantities K3 and K4 are then obtained using the joint probabilities. The value
of the CP-violating phase is taken to be δ = 3pi/2 and normal hierarchy is assumed in ob-
taining the results unless stated otherwise. We assume a fixed value for energy, E = 1 GeV
and take the initial state to be |νµ〉. L1 has been taken to be 140.15 km to match the re-
quirement of maximizing K4 for the case of standard interactions [15]. The LGI parameters
K3 and K4 are plotted as function of ∆L for three flavor neutrino oscillation for SI and NSI
cases. First of all, we would like to understand the shape of the curves for K3 and K4 as
a function of ∆L in case of SI. Fig. 1 depicts the interplay of various C ′ijs leading to the
overall dependence of K3 and K4 for SI case. As can be seen from the figure, C12 and C23
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Figure 2: The dependence of K4 on the value of δ, mass hierarchy and octant of θ23 for SI
case is shown as a function of ∆L.
are almost coinciding in case of K3 and dictate the overall frequency of the K3. Likewise,
C12, C23 and C34 are almost coinciding in case of K4 and dictate the overall frequency of
the K4. The joint probability terms appearing in C13 and C14 are responsible for the fine
features of the overall curve (in black) for K3 and K4 respectively. The region of violation
of LGI is shown as grey shaded region in both the plots. The maximum violation of LGI in
the standard case are observed at the following values of ∆L :
Kmax3,SI ' 1.10 at ∆L ' 1936 km
Kmax4,SI ' 2.16 at ∆L ' 1200 km
Next, we would like to investigate the dependence on the value of δ, mass hierarchy and
octant of θ23. This dependence for K4 has been shown in Fig. 2. The dependence on δ and
θ23 is very mild. There is a dependence on the shape of the curve and shift in positions of
maximum violation depending on the hierarchy. In general, for IH, the value of maximum
violation is lower than in the NH case.
To study the role of NSI, we will consider one NSI parameter non-zero at a time. This
allows for simplification and a clear understanding of the role played by the different NSI
parameters. We take the value of the NSI parameters to be |εαβ| = 0.1 [22]. As can be
noted from Fig. 3, the NSI parameters |εeµ| and |εeτ | act in the opposite directions which is
expected from the analytic considerations (see [34] for the probability expression for νµ → νe
channel in case of NSI) and the difference is most prominently seen in the grey shaded region
that depicts violation of LGI. While |εeµ| leads to enhancement in the amount of violation
of LGI with respect to the SI case, |εeτ | leads to suppression in the amount of violation of
LGI. The NSI phases have been set to zero in Fig. 3. This observed enhancement is the key
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Figure 3: K3 (left) and K4 (right) are plotted as a function of ∆L for the NSI case by taking
one NSI parameter non-zero at a time. Only the moduli of NSI terms has been taken to be
non-zero here. The SI case corresponding to Fig. 1 is also shown for comparison.
point of this article. The maximum violation of LGI in the NSI case are observed at the
following values of ∆L :
Kmax3,NSI ' 1.16 for non-zero εeµ at ∆L ' 1968 km
Kmax4,NSI ' 2.24 for non-zero εeµ at ∆L ' 1210 km
The impact of non-zero NSI phases (δeµ and δeτ ) on Fig. 3 while taking one NSI parameter
non-zero at a time has been shown in Fig. 4. It can be seen that maximum violation in case
of non-zero εeµ occurs for δeµ = 0. Also, the maximum violation in case of non-zero εeτ
occurs for δeτ = pi.
The combined impact of NSI terms (εeµ and εeτ along with non-zero phases, δeµ and
δeτ ) has been shown in Fig. 5. With the goal of maximizing the K4, the phases have been
appropriately chosen using the insight obtained above (Fig. 4). The maximum violation of
LGI in the NSI case (with |εeµ| = 0.1, |εeτ | = 0.1, δeµ = 0 and δeτ = pi) are observed at the
following value of ∆L :
Kmax4,NSI ' 2.33 for non-zero εeµ and εeτ at ∆L ' 1230 km
4 Conclusion and outlook
That neutrino oscillations is quantum mechanical phenomenon is well-known. Unlike pho-
tons, they have extremely large mean free path and exhibit sustained coherence over astro-
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is allowed to vary and in the right plot, δeτ is allowed to vary.
physical length scales. This provides for a unique opportunity to employ neutrinos as a useful
quantum resource. However, in order to do so, one would require a thorough understanding
of the aspects such as how neutrinos affect implications of LGI and its violation under dif-
ferent situations - propagation in vacuum as well as in matter with and without standard
interactions. In this respect, there are several theoretical studies discussing two [12–14] and
three [15,16,16–20] flavour neutrino oscillations with and without the assumption of station-
arity. Additionally, data from two experiments, MINOS and Daya Bay [13, 14] have been
analysed using a two flavour approach in the context of LGI and a convincing result has
been derived from these studies.
Currently, one of the primary goals of the ongoing and future experiments in neutrino
oscillation physics are to get a handle on the unknowns - δ, mass hierarchy and octant
of θ23. Moreover, the precision of these experiments would allow for testing the existence
of new physics in the form of NSI and/or allow for setting tighter constraints on the NSI
parameters [22]. We go beyond these studies and explore the role of NSI on the violation of
LGI. We show that subdominant NSI effects could lead to an enhancement in the violation
of LGI. This can open avenues to utilize the quantumness in neutrino oscillation physics for
quantum information processing and applications.
There are discussions on the possibility to manipulate neutrinos for the purpose of com-
munications, such as galactic neutrino communication [35] and sabmarine neutrino commu-
nication [36]. Stancil et al. reported on the performance of a low-rate communications link
established using the NuMI beam line and the MINERvA detector illustrating the feasi-
bility of using neutrino beams to provide low-rate communications link [37]. Synchronized
neutrino communications over intergalactic distances have been studied in [38]. Of course,
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Figure 5: The LGI parameter K4 is plotted against ∆L for NSI case by taking both the NSI
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the scales of these studies is completely different and averaging of neutrino oscillations will
have different manifestations on questions such as LGI and quantum coherence. Temporal
correlations of the LGI kind might give additional handle to extend these studies.
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